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I. FORMULATION OF THE PROBLEM 

Following solar  f l a r e  act ivi ty  there i s  an enhancement of trapped par t ic les  

i n  tBe geomagnetic f i e l d  (Van Allen and Lin, 1960) and a simultaneous occurrence 

of magnetic storms. It was suggested by Singer (1957) that the main phase of 

magnetic storms might originate in  the motion of geomagnetically trapped solar  

par t ic les ,  and Dessler and Psrkeer (1959) showed i n  a semi-qualitative vay t h a t  

trapped par t ic les  can possibly account for  the average features of storms. 

Besides the existence of trapped par t ic les  i n  the Van Allen be l t ,  observations 

have been made which indicate the presence of trapped par t ic les  beyond 5 earth 

r a d i i  (Smith, e t  al. ,  1960), (Sonnet, e t  al., 1960). 

It is  of some in t e re s t  t o  be able t o  calculate the  magnetic f i e l d  produced 

by the motion of geomagnetically trapped par t ic les .  However, the present lack 

of information about the disposition of trapped par t ic les  and the complexity of 

the ear th’s  f i e l d  s e t  severe limits on any attempts a t  a detailed analysis of 

the  magnetic e f fec ts  of trapped radiation, and therefore, only a re la t ive ly  

simple, mathematically tractable approximation can be attempted. Akasofu and 

Chapman (1961) calculated the  magnetic f i e l d  disturbance i n  the equatorial  

plane for  a var ie ty  of par t ic le  dis t r ibut ions i n  the trapping region, and 

Akasofu, Cain,and Chapman (1961) calculated the f i e l d  everywhere i n  space fo r  

a par t icular  distribution. The discussion which follows describes a means of 

calculating the  f i e l d  due t o  an arbi t rary dis t r ibut ion of trapped par t ic les  

a t  a point which is  not i n  the trapping region. 

Consider the following idealized situation. EQ-1 numbers of posi t ively and 

negatively charged par t ic les  are permanently trapped i n  the f i e l d  of a magnetic 

dipole located a t  the center of a spherical, non-magnetic ear th  (see Figure 1). 

W e  ignore the diamagnetic effects of the ear th  and macroscopic e lec t r ic  f i e l d s  i n  

1. 
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the trapping region. We make no attempt t o  include the e f fec ts  of the pa r t i c l e  

trapping mechanism or the way par t ic les  are l o s t  from the trapping region. 

Since, i n  fact ,  par t ic les  w i t h  mirror points i n  or below the ea r th ' s  atmosphere 

a re  very quickly l o s t  from the trapping region, we assume t h a t  t he  motion of 

trapped par t ic les  is res t r ic ted  so  t h a t  none enter the atmosphere which i s  

assumed t o  be uniformly 1200 lan deep (Johnson, 1960). Moreover, we suppose t h a t  

the  energy density U of the trapped par t ic les  i s  less than the energy density of 
2 

the  trapping f i e l d  B, i. e. U (< B /8na This assumption w i l l  justif 'y t+ use of 

dipole f i e l d  equations when analyzing the motion of trapped par t ic les .  How 

the energy is dis t r ibuted among the  individual pa r t i c l e s  is  i r re levant  since 

only the t o t a l  energy and i t s  spacial dis t r ibut ion a re  important fo r  calculating 

the magnetic f i e ld ,  O f  course, we cannot have a few par t ic les  of such high 

energy tha t  the  adiabatic approximation breaks down or s o  many low energy 

par t ic les  t ha t  col l is ions become. important. 

When considering the motion of an individual par t ic le ,  we assume t h a t  i t s  

instantaneous center of m a t i o n  always remains on the same dipole she l l ,  

thereby disregarding the effects of pa r t i c l e  motion from she l l  t o  she l l ,  The 

adiabatic invariance of the magnetic moments of the par t ic les  i s  taken fo r  

granted throughout the discussion. 

I n  attempting t o  calculate the  magnetic e f fec ts  o f  trapped par t ic les ,  we 

can resolve the motion of the par t ic les  in to  several  components by vir tue of 

the adiabatic approximation and look a t  the f i e l d  implied by each. Firs t ly ,  a 

trapped pa r t i c l e  moves i n  a helical  path along a f i e l d  l ine,  the  pi tch of the 

hel ix  growing f l a t t e r  with increasing f i e l d  strength (see Figure 1). At, some 

point the f i e l d  becomes so  strong that the par t ic le  loses i t s  component of 

motion along the f i e l d  l i ne  and then "mirrors", i . e ,  

t he  region of weakest f ie ld .  

starts back toward 

It continues beyond the point, of weakest f i e l d  



u n t i l  ref lect ion occurs again. 

i n to  a circular  motion around the pa r t i c l e ' s  guiding center ( i .e. ,  the 

The he l ica l  t ra jec tory  can be fur ther  apabzed 

instantaneous center of gy ra t ion )  and the osc i l la t ion  of the guiding center 

between mirror points. A t  the same time, as a result of the curvature of 

the f i e l d  l ines  and the inhomogeneity of the f i e ld ,  the  pa r t i c l e s  d r i f t  around 

the earth,  posit ive charges moving westward and negative charges moving east- 

ward. The osci l la tory motion has no net magnetic effect .  On the other hand, 

t h e  drift of the par t ic les  creates a r ing current around the ear th  while t h e  

gyration motion resu l t s  i n  a magnetic moment per un i t  volume i n  the  trapping 

region. 

we sha l l  d i rec t  our attention. 

It is t o  these two sources of the magnetic disturbance f i e l d  t h a t  

Before beginning the analysis, a few remarks about notation are i n  order. 

We shall use B t o  denote the trapping field and H t o  indicate the f i e l d  pro- 

duced by the motion of the trapped par t ic les .  

f i e ld ,  we a l so  adopt the convention t h a t  primed coordinates re fer  t o  source 

points while unprimed coordinates re fer  t o  f i e l d  points, unless otherwise 

stated.  

source points of the trapped par t ic le  f ie ld .  

and G refer  t o  dr i f t  current f i e ld  and gyration f i e l d  quant i t ies  respectively. 

Note a l so  that ,  unless otherwise stated,  physical quant i t ies  a re  measured i n  

Gaussian units.  

When discussing the  disturbance 

Thus f i e l d  points of the trapping f i e l d  a re  primed since they a re  

I n  addition, the subscripts D 



11. ANALYSIS 

A. Basic Equations 

We begin by presenting some of the geometric properties of a dipole f i e l d  

as well as relevant equations o f  motion of the trapped par t ic les .  Although the 

region i n  which charged par t ic les  a re  trapped is original ly  a dipole f ield,  

the  eventual presence of trapped par t ic les  guarantees that  the f i e l d  w i l l  be 

distorted.  However, we assuned that U <d B 2 /8n (or equivalently that the 

f i e l d  is  not dis tor ted much),and so  use the qquations for  an unperturbed dipole 

f ie ld .  The dis tor t ion of the f i e l d  a t  the ear th ' s  surface is, i n  fact ,  never 

very large. 

1. The Geometry of a Dipole Field 

I n  spherical polar coordinates the  potent ia l  due t o  a magnetic dipole 

w i t h  i t s  north pole points i n  the negative z direction is 

- M-e' 
n' V -  

where M is  the  magnetic moment of the  dipole, 9' is  the colati tude of the f i e l d  

point, and r '  i s  the distance t o  the  f i e l d  l ine.  

symmetric f i e l d  has components 

The resul t ing ax ia l ly  

and magnitude 

B 

question. 

being the equatorial value of magnetic induction on the f i e l d  l i n e  i n  e 

4. 



The equation of 

where the parameter, 

a dipole f ie ld  l i n e  i s  

I 

( 5 )  A = a A P e l  

a, represents the equatorial  distmce from the dipole t o  

the f i e l d  l ine.  Hence, the d i f fe ren t ia l  element of a r c  length along a l i n e  of 

force is  

and i ts  radius of curvature is 

Equations ( 3 )  and (4) can be used t o  write B i n  terms of B , the equatorial  value 

of the f i e l d  a t  one earth radius, vis . ,  
0 

where Re 

2. 

par t i c l e  

is the radius of the earth i n  centimeters. 

The Motion of Charged Part ic les  i n  an Inhomogeneous Magnetic Field 

Much has been written about the equations of motion of a charged 

i n  external f i e lds  (e.g., see Alfven (1950)), .and a concise review of 

t he  subject is  given by Spitzer (1956). Therefore only pertinent r e su l t s  w i l l  

be included here. 

A par t i c l e  of mass m and charge q i n  a magnetic f i e l d  B has a cyclotron 

frequency 

- 
where q i s  measured i n  e lectrostat ic  units. Under the influence of external 

forces ,par t ic les  i n  a magnetic f i e ld  w i l l  d r i f t  i n  a direction perpendicular t o  

both the magnetic f i e l d  and the external force. 

field, pa r t i c l e  d r i f t  i s  primarily due t o  the inhomogeneity of the  f i e l d  along 

equipotentials and t o  the centrifugal force the par t ic les  experience as they move 

I n  the case of the geomagnetic 
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along the curved l ines  of force. The dr i f t  velocity due t o  the  f i e l d  gradient i s  

and the dr i f t  velocity due%o the curvature of the l i nes  of force i s  

where 5 is  the radius of gyration of the par t ic le ,  and CD is  i ts  cyclotron 

frequency. 

of the pa r t i c l e ' s  velocity w with respect t o  the  f ie ld .  

cable only i f  DAB, the gradient of the scalar  B normal t o  B, i s  small compared 

t o  B. 

region ( i .e . ,  the dis tor t ion of the trapping region i s  s m a l l ) ,  i n  which case the 

t o t a l  d r i f t  velocity can be written as 

C 

w, and w,, a re  respectively the perpendicular and pa ra l l e l  components 

Equation (10) i s  appli-  - 
- 

In  the in te res t  of simplicity we assume tha t  p x B w O  i n  the trapping - 

L e t  a! be the pi tch angle of the  par t ic le ,  i . e . ,  the angle between the 

instantaneous velocity vector of the  par t ic le  and the loca l  magnetic f ie ld .  If 

we define u as the kinet ic  energy of the par t ic le  (u = 1/2 mw 2 ) and s e t  

then Equation (12) fo r  the drift velocity becomes 

where 

Using (7) and (8) we arr ive at the expression 

' I  
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One more re la t ion  we shall f ind  useful follows immediately from the 

adiabatic invariance of the magnetic moment 

p=lL  -ah2 d 
- I  6 

and the  assumption that the kinetic energy of the par t ic les  is  constant, v i s . ,  

B. Magnetic Effects of Trapped Par t ic les  

As we mentioned ear l ier , the main forces the trapped par t ic les  experience 

arise from (i) the  motion of the par t ic les  normal t o  the magnetic f ie ld ,  

the  inhomogeneity of the f ie ld  along equipotentials, and ( i i i )  the curvature of 

the f i e l d  l ines .  

sca la r  potent ia l  fo r  the magnetic f ield outside the trapping region writ ten i n  

( i i )  

The magnetic e f fec t  of (i) is  calculated by introducing a 

t e r m s  of an intensi ty  of magnetization. 

the par t ic les  t o  drift around the geomagnetic axis,  and the magnetic f i e l d  of 

The forces due t o  ( i i )  and (iii) cause 

the resul t ing r ing current is  also described i n  terms of a scalar  potential. 

The magnetic e f fec t  of the drift motion is  examined first. 

. 1. The D r i f t  Current Field 

If  we view the d r i f t  motion of the par t ic les  as a current i n  the 

trapping region, then the charge density is  proportional t o  the trapped pa r t i c l e  

density., Both the par t ic le  density and dr i f t  velocity a re  functions of the 

energies and loca l  pi tch angles of the trapped par t ic les .  Since the drift 

velocity i n  the axial ly  symmetric magnetic f i e l d  of the ear th  i s  independent 

of the azimuthal angle @, the  d r i f t  current can be t rea ted  as a continuous 

dis t r ibut ion of c i rcular  current loops which l i e  i n  planes perpendicular t o  the 

geomagnetic axis  w i t h  t h e i r  centers on %he axis. 

is westward around the earth. 

The direction of the current 
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a. The Scalar Magnetic Poten t ia l  of a Circular Current Loop 

Let d f i  be the magnetic sca la r  po ten t i a l  a t  the point A on 

Referring t o  Figure (2) we 
DA 

the axis of a loop of current density j (r ' ,  8'). 

l e t  h be the  distance from the or igin 0 t o  the f i e l d  point A. 

ordinary Legendre -polynomials pn (cos 8' ), 

I n  terms of the  

where dZ is  the cross-sectional area of the  current loop. For fixed r '  and 8' 

the  poten t ia l  a t  an a rb i t r a ry  f i e ld  point P(r, 8, 9) is  therefore 

m = /  

when 121 L: r '  

It proves 

(Ferraro, 1954). 

convenient t o  use the  quant i t ies  r'a'' and 8' ra ther  than r '  and 

8' as the  independent variables, i n  which case (20) becomes 

d f l ,  ( e, a, el)  = ;iri(a, el)(/- ca~, 094 z 

In' order t o  calculate the  current density of pa r t i c l e s  j(a, 8') w e  must 

consider how pa r t i c l e s  are dis t r ibuted i n  the  trapping region. 

b. The Par t ic le  Distribution 

Swann (1933) has shown that f o r  a system of N charged pa r t i c l e s  

i n  the presence of an external magnetic f i e ld ,  the  6 N  dimensional phase space 

density is  constant along the t ra jectory of a system point i n  phase space, 

t h e  pa r t i c l e s  a re  mutually non-interacting, then the Hamiltonian of the system can 

be wri t ten as the swa of the Hamiltonians of the individual particles,and t h i s  

implies that the  phase space density i n  a 6 dimensional phase space i s  constant 

If 
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along the  t ra jec tory  of the phase point of a par t ic le .  Moreover, i f  the  k ine t ic  

energy of each pa r t i c l e  is constant, then the  d i rec t iona l  d i f f e r e n t i a l  in tens i ty  

i n  ordinary configuration space is  constant. 

that co l l i s ions  are rare and V x  B is  small i n  the trapping region, the  above 

r e su l t  is  applicable t o  the present problem and provides a means of in fer r ing  

the p a r t i c l e  density everywhere on a dipole s h e l l  from the  equatorial  p a r t i c l e  

energy density and p i t ch  angle dist r ibut ion.  

Since we have i n  fact assumed 

- 

L e t  dS be an area oriented s o  that i ts  normal i s  i n  the  direct ion of motion 

of t he  par t ic le .  Then the  direct ional  d i f f e r e n t i a l  in tens i ty  I is  the  number 

of pa r t i c l e s  per u n i t  area per un i t  energy per un i t  t i m e  per  un i t  so l id  angle 

(centered around the  direction of motion of t he  pa r t i c l e ) ,  i .e. ,  

The s o l i d  angle do, is  measured i n  terms of the  azimuthal angle 9 of the  

pa r t i c l e  around the  loca l  f ie ld  l i n e  and the  p i t ch  angle a. 

Moreover, the  number of par t ic les  per u n i t  volume per un i t  so l id  angle 

per  u n i t  energy at the  point (a, e ’ )  is then 

(23) I(&,&, E )  
W 

p(4 d, E) = 

I and p are implici t ly  f u n c t i o n s  of 8 ’  since a = a(ei ). Consequently, p i s  

c ons t a n t  

region. 

over a l l  

i n  the neighborhood of a p a r t i c l e  as it moves through t h e  trapping 

Note that t h i s  does n o t  say that the  p a r t i c l e  density integrated 

p i tch  angles and all energies i s  constant thoughout space. This 

w i l l  be true only i f  t he  pitch angle d is t r ibu t ion  i s  isotropic .  What is  

always the  case, however, is that we can calculate t h e  t o t a l  p a r t i c l e  density 

at every point on the  dipole she l l  from the  value of t he  integrated p i n  

t he  equator ia l  plane. 
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W e  s h a l l  asumme that I (a, w, E),and therefore p (a, 0, E),are independent 

of the azimuthal angle J/ . I n  general I and p vary with p i tch  angle a. 

Parker (1957) suggested a simple c lass  of dis t r ibut ion f'unctions which i n  our 

notation are  of the form I(a,cu,E) (Be/B) 
f -1 

s i n  CY. If we assume 
(f-W 

that f = 1, 

only t o  the 

r e s t r i c t ion  

referred t o  

then we have a velocity dis t r ibut ion which deviates from isotropy 

extent t ha t  par t ic les  which fa i l  t o  sa t i s fy  the mirror point 

s e t  by the atmosphere are absent. 

as modified isotropy. 

This dis t r ibut ion sha l l  be 
- 

c. The D r i f t  Current Density j (a, e ' )  

The d i f fe ren t ia l  r ing  current density around the  ear th  resu l t ing  

from the drift  motion of trapped par t ic les  is  

where q i s  the charge of the par t ic les  i n  esu; and c i s  the speed of l ight .  

On subst i tut ing Equation (16) for  the drift  veloci ty  in to  the above expression 

and integrating over a l l  energies and a l l  allowed pi tch angles we get 

where 

and u is  given by Equation (13). 
.~ D 

To digress f o r  a moment,U can be writ ten i n  terms of the energy density D 
U of the trapped particles.  In  general 

and assuming modified isotropy t h i s  becomes 



where 

and adn is the minimum pi tch angle a pa r t i c l e  can have consistent 

requirement that the implied mirror point be above the atmosphere. 

with the 

It is  con- 

venient t o  write U(a,e') i n  terms of U * = U (ao, n/2),the equatorial  pa r t i c l e  

energy density on the f i e l d  line specified by ao. Thus 

In  Figure (3) cos a 

Equation (30j as 

(n/2, a )  i s  plot ted as a f'unction of "a". We rewrite min 

where 

and 

?(a,)  = w oc,,[a, r/al (32) 

To return now t o  the main l ine  of argument,integrating Equation (26) over a: 

and *,we then get 

(33  1 u, I a> e 9  = I ( I +JI wid&+%) cc ccl, e l )  

Finally, we calculate cos s,in. 

Let r be the distance from the center of the ear th  t o  the leve l  of the a t m  
atmosphere above which particles can mirror.. From ( 5 ) ,  the minimum colati tude 

accessible t o  a par t ic le  is 

Ya 
(34) p) = &-'(A& /a) 

Using (8), (18)$and (34), we then have 
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d. The mgnet ic  Field Due t o  the  D r i f t  Motion of Trapped Par t ic les  

Le t  

Then the  poten t ia l  due t o  the dr i f t  motion of t he  pa r t i c l e s  given by Equation 

(21) becomes 

A'/ 
(37) 

Integrating over the  en t i r e  trapping region gives the  magnetic po ten t ia l  due 

Since 

- /I "VAD (39) 

the  components of t he  magnetic f i e l d  for  r 4 r 

motion of t he  trapped par t ic les  are 

a r i s ing  from the  dr i f t  a t m  

and 

If we neasure "a" and r i n  mits of ear th  r a d i i  and use Equation (25) f o r  

t he  current density, t he  d r i f t  f i e l d  components become 



and 

where 

The evaluation of (42) and (43) i s  considered i n  Appendix A. 
-. 

2. The Gyration Field 

The gyration of trapped pa r t i c l e s  around l i n e s  09 force r e su l t s  i n  a 

The po ten t i a l  due 
IC 

net  magnetic moment per un i t  volume i n  the trapping region. 

t o  the alignment of t he  axes of gyration of the pa r t i c l e s  a n t i p a r a l l e l  t o  the 

e a r t h ' s  f i e l d  is  obtained from the solut ion of Poisson's equation i n  a source 

f r e e  region. 

above magnetic sources, we calculate the  in tens i ty  of magnetization i n  the  

After deriving a formal expression f o r  the poten t ia l  due t o  the 
- 

trapping region and the equations f o r  the  magnetic f i e l d  components. 

a. The Scalar Magnetic Poten t ia l  of a Region of Magnetic Polarization 

If M is  the  intensi ty  of magnetization i n  the  trapping region, - 
then the equivalent magnetic source density i s  V . M and Poisson's equation - 
becomes 

V A f l  G = 4 7 ~ 0 * / 3  (45) 

The solution of (45) val id  inside a sphere of radius r = r which i s  a a t m '  
source f r e e  region, is  
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where 

T o a  

Equation (46) 

b. 

permits- us t o  

/L 

is  derived i n  Appendix B. 

Magnetization of the Trapping Region 

(47) 

The adiabatic invariance of the magnetic moments of the pa r t i c l e s  

write 

p G' 
as an approximate expression f o r  the  guiding center density 

Since each par t ic le  has magnetic moment - 

u&% - M G  - -  
8 /"= 8 

the  magnetic moment per uni t  volume i s  

If we assume modified isotropy, then 

where 

(49) 

Further, the direction of the intensity of mgnet izat ion is  an t i -para l le l  t o  

the direction of the loca l  trapping field,and so 

and 



(54) 0.5 = - 3’  6 vu, - U,V*TZ a 
If we l e t  L = COS Q 

is 

,then the  divergence of t he  in tens i ty  of magnetization min 

C. 

Equation ( 46) 

The Magnetic Field Due t o  the  Gyration of Trapped Par t ic les  
Around Lines of Force 

The components of t he  gyration f i e l d  are easily obtained from 

fo r  the potential .  They are 

and 

L e t  

Then Equation (47) becomes 

T c a  

The evaluation of (56) and (57) is  considered i n  Appendix A. 

3 .  Approximating the  Field Components a t  the  Earth’s Surface 

A sa t i s fac tory  estimate of the  f i e l d  components a t  the  ear th’s  

surface can be obtained with a f i r s t  order calculation assuming a centered 

dipole trapping f i e l d  (Akasofu, Cain, and Chapman, 1961 ). However, t h i s  

involves a lengthy numerical solution of the  f i e l d  equations. I n  view of our 
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limited knowledge of the structure of the magnetosphere, s t i l l  l e s s  precise 

estimates of the f i e l d  produced by trapped par t ic les  can often provide equally 

useful information. 

the f i e l d  implied by an arbitrary pa r t i c l e  energy density d is t r ibu t ion  is 

readily inferred from the f ie ld  implied by a par t ic le  energy density d i s t r i -  

bution which is uniform in  the  equatorial  plane and which varies along the 

f i e l d  l i nes  i n  accordance w i t h  a modified isotropic pi tch angle dis t r ibut ion.  

F i r s t  we must know 

the f i e l d  components due t o  narrow b e l t s  of trapped par t ic les  with a uniform 

equatorial  pa r t i c l e  energy density dis t r ibut ion and a modified isotropic 

pi tch angle distribution. 

l e s s  quantit ies I ( e )  = H B /yU* and I (@) = H B /yU*. H and H a re  

respectively the transverse and r ad ia l  components of the f i e l d  at  colati tude 

8 produced by the trapped particles,  Bo is  the equatorial  value of the ear th ' s  

f i e l d  at the surface of the earth, U* is the equatorial  pa r t i c l e  energy density 

As we shall  show, an order of magnitude calculation of 

I n  practice the calculation depends on two factors.  

Actually it i s  be t te r  t o  deal  with the dimension- 

t t o  r r o  t r 

of the dipole shell ,  and y is the cosine of the  equatorial  p i tch  angle of a 

pa r t i c l e  which mirrors a t  the top of the atmosphere. 

Figure 3 shows. 

la t i tude  are tabulated i n  Tables la and l b  fo r  be l t s  which are 0.1 R wide 

i n  the equatorial  plane, where R 

"a" 

i n  the tables  i s  1.3 6 a L 4.0 and the en t r ies  are accurate t o  1s. 

the  f i e l d  assumes a particularly simple form when a > 4, the tabulation ends 

a t  t h i s  point. 

i n  steps of 0.2. W e  have assmed i n  obtaining these r e su l t s  t ha t  none of 

the  trapped par t ic les  has a mirror point i n  or below the atmosphere whose 

upper l imi t  is  1200 km above the surface o f  the earth. 

Ordinarily y = 1 as 

Computer calculated values of Ir and It a t  10' in te rva ls  of 

e 

The range of 

(the equatorial  radius of the inner f i e l d  l i n e  measured i n  ear th  r a d i i )  

Because 

i s  the  radius of the  earth. 
e 

In  Figures 4 and 5 Ir and It are  plot ted fo r  1.3 L a -L 2.5 
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The second consideration in  the order of magnitude calculation is  the 

equatorial  par t ic le  energy density dis t r ibut ion of in te res t .  

i n to  account through the relative pa r t i c l e  energy density dis t r ibut ion,  

p(a,ao). A t  a = a j3 (a,.,) = 1 and the value of U 

u everywhere i n  the equatorial plane. Moreover, the value of 7 becmes 

This is  taken 

- - * 
at a. serves t o  specify 

0' * 

y(ao)  fo r  a l l  "a" when 

i n  g e a t e r  detail and consider the errors involved. 

= p(a, ao). We shall now consider the approximation 

Finally, w e  s h a l l  give 

an example of how the approximation procedure is  used. 

The discussion which follows w i l l  r e fe r  t o  the radial component of the 

f ie ld  produced by trapped par t ic les  although it applies without change t o  

the transverse component. The r ad ia l  component can be expressed formally as 

The 8' limits of integration, which have been suppressed t o  simplify notation, 

a r e  functions of "a". If t h e  par t ic le  energy density i s  uniform i n  the 

equatorial  plane, we can w r i t e  

where p = X + N A a. Equation (61) represents the radial component of the 

magnetic f i e l d  at the surface o f  the ear th  due t o  a se r i e s  of N bel t s ,  each 

of width A a i n  the equatorial plane with B(a, ao) = 1. 

Now t o  estimate H ( 8 )  for an arb i t ra ry  B(a, ao) on the in te rva l  (X,p), r 
we multiply each in tegra l  I, by any value of B(a, a ) on the in te rva l  

i 0 

(X + (i-1) a, X + i a); thus 



Some simplification is possible since par t ic les  trapped on dipole she l l s  

fo r  which a 1 4 produce a uniform f i e l d  inside the ear th  t o  an accuracy of 

1%; even when 2.5 6 a f 4, the deviation from uniformity i s  less than 10%. 

This e f fec t  w i l l  be discussed in greater d e t a i l  below. 

write Equation (62) as two sums; one represents the contribution of pa r t i c l e s  

We can therefore 

trapped closer than,say,a = 2.5 i n  the equatorial  plane, and the other 

represents the contribution of par t ic les  trapped beyond a = 2.5. 

A further simplification is possible i n  the case of  the d is tan t  pa r t i c l e  

contribution. 

par t ic les  is uniform implies t h a t  only P 

i . e . ,  the  f i e l d  falls  off l ike l/a. 

and the current density j d  - where R is  the radius of curvature of the  

f i e l d  l ine,  we have Hr 4 "a" times the aPea between dipoles shel l .  

the  area between dipole shel ls  is proportional t o  a A  a, and A a is  constant, 

we have H OC a . When the proportionality constant is calculated, we have 

That the magnetic f i e l d  throughout the ear th  due t o  trapped 
1 

(cos 8) and P 
1 1 

(cos 8) are important, 

Since H oc J/a where J is  current, r 
1 

R B  

Since 

2 
r 

where 8 is  the colatitude of the f i e l d  point. 

The pa r t i c l e  energy density dis t r ibut ion is  completely specified by the 

p i tch  angle dis t r ibut ion and's (a, a ); hence, these are the  only fac tors  we 

have t o  consider i n  an e r ror  analysis. 

0 

The f i e l d  implied by trapped par t ic les  

i s  re la t ive ly  insensit ive t o  the pi tch angle dis t r ibut ion.  

is  proportional t o  s i n  8' where 8' i s  the colati tude of the source point, 

regardless pf the  pi tch angle distribution, the major contribution t o  the  

f i e l d  integrals  comes from the motion of the par t ic les  near the equatorial  

Since the f i e l d  

9 



plane, 

bution and the most extreme deviation from modified isotropy is  not greater 

than a factor of 3* 

calculated the f i e l d  at  the surface of the ear th  due t o  pa r t i c l e s  trapped on 

dipole she l l s  f o r  which 5 C a ,L 7 with a Gaussian pa r t i c l e  energy density 

dis t r ibut ion i n  the equatorial plane and a pi tch angle d is t r ibu t ion  which is 

The difference between the  f i e l d  due t o  a modified isotropic d i s t r i -  

By way of example, Akasofu, Cain and Chapman (1961) 

proportional t o  s i n  1/2 a, a distribution which emphasizes the  role  of steep 

pitched par t ic les .  

which d i f f e r s  from the i r s  only t o  the extent t ha t  we use a modified isotropic 

Our calculation fo r  a pa r t i c l e  energy density dis t r ibut ion 

pi tch angle dis t r ibut ion gives a value for  H which i s  one half  of t h e i r  value. 

The l imitations on 75 (a, a ) a re  intimately re la ted  t o  the accuracy of 
0 

the  estimate and t o  the width of the bel t .  I f  we l e t  #3 be the absolute value 

of the maximum logarithmic derivative of 6 (a, a ) on an equatorial  in te rva l  
0 

of length L, then the e r ror  E i n  the estimates of H and H assuming 

modified isotropy, s a t i s f i e s  the re la t ion  

r t' 

This r e su l t  fo l lows  from the mean value theorems of calculus. The slower 
- B (a, a ) changes with "a1', the be t t e r  the estimate. Clearly, the t o t a l  e r ror  

0 

made i n  the estimate can never be less than the 1% er ror  inherent i n  the 

tabulated values of I and It' r 
As an i l l u s t r a t ion  of the approximation scheme, consider a Gaussian 

dis t r ibut ion 5 (a, 2.2) = exp (-4 (a - 2.2) ), on the in te rva l  1.6 4 a L 3- 4 

with a modified isotropic pitch angle distribution; j3 4 and E = 0,7 (70%). 

We wish t o  calculate H a t  colatitude 0 = 30 From (a, 2.2) and Table l a  

we obtain the first sum i n  Equation (63a) for  1.6 L a I 2.5, v i s . ,  

2 

0 

r 

u "( 2,a,  T / A )  1 4 7 . 6  
Y ( a # . i )  8 ,  



From Figure 3 we see that y = 

H r 

where U (2.2) i s  measured i n  
2 *  H =.8.3 x 10 U (2.2) gauss 

* 

r 

0.96 and taking B t o  be 0.31 gauss we have 
0 

2 *  
(30”) = 9.3  x 10 U (2.2) gauss 

ergs/cm . 3 The computer calculated value i s  

and clear ly  6 4 0.7. 



111. CONCLUSIONS 

The analysis we have presented and the calculations of the f i e lds  at  the 

surface of the ear th  due t o  narrow b e l t s  of trapped pa r t i c l e s  provide a basis  

for  discussing some of the magnetic e f fec ts  of geomagnetically trapped 

pa r t i c l e s  . 
The assumption that the par t ic les  are trapped i n  a centered dipole f i e l d  

guarantees the symetry of magnetic sources about the geomagnetic equatorial  

plane as well as about the geomagnetic axis, and therefore the same symmetries 

obtain f o r  the magnetic f i e ld  a t  the surface of the ear th  due t o  the motion of 

the par t ic les .  

meridian i n  one hemisphere. 

those of s e t s  of coaxial Helmholtz coi ls .  

Hence, we only have t o  consider the f i e l d  along an a rb i t ra ry  

The symmetries of the magqetic source a re  exactly 

The axial symmetry permits us t o  use zonal harmonics and the  equatorial  

... contribute nothing t o  the 

The number of odd harmonics needed t o  represent the f i e l d  may be found 
0' p2' 

symmejxy implies t ha t  the even @armonTcs P 

f ie ld .  

by expanding the source factors i n  the d r i f t  and gyration integrals  i n  powers 
2 1 

n n of cos 8' and using the orthogonality properties of P (cos e ' )  and P 

(cos 0 ' ) .  The same information can be obtainedl from S t i e l t j e s '  bopds  fo r  

ordinary and associated Legendre polynomials (Sansone, 1959). W e  conclude 

t h a t  i n  general it is  not necessary t o  go beyond P (cos e l ) .  

The number of terms needed i n  any par t icu lar  pa r t i c l e  dis t r ibut ion depends on 

, I  

1 
(cos € 3 ' )  and P 

7 7 

where i n  the f i e l d  the particles are  trapped and the accuracy desired. 

of our calculations include P 

A l l  
1 

(cos e ' )  and P 
7 7 

(cos e ' ) ,  and the  r e su l t s  

are accurate t o  be t t e r  than I$. 

Figures 4 and 5 i l l u s t r a t e  the importance of the various harmonics for  

b e l t s  which are  0 .1  ear th  radius thick i n  the equatorial  plane and a l l  of which 

have the same par t ic le  energy density dis t r ibut ion.  We have assumed i n  the  

21. 
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calculations t h a t  no par t ic les  mirror i n  the atmosphere whose upper l i m i t  i s  

1200 lun above the surface of the earth. Different pi tch angle dis t r ibut ions 

w i l l  cause re la t ive ly  small changes i n  the l a t i t ude  dependence of the f ie ld  

components as discussed ear l ie r .  

The function I plot ted in  Figure (5) i s  proportional t o  H the transverse t t' 
(horizontal) component of magnetic f i e l d  at  the surface of the  ear th  due t o  

trapped par t ic les .  The iiiost s t r iking featare of the ciirves is  tbe general 

tendency fo r  the transverse (horizontal) component t o  increase with increasing 

colatitude,which points t o  the importance of the P 

s ignif icant  deviation from t h i s  ru le  occurs at  a = 1.7. 

( i .e. ,  low la t i tudes)  the f i e l d  is approximately constant and the la t i tude  

deyendence'zs very sensit ive t o  "a" around a = 1.7. 

a = 1.7 w i l l  be of importance when we discuss magnetic storms. 

1 
1 

(cos 8 ) = s i n  8 term. A 

A t  large colati tudes 
- 

I.. 

The constancy of H aro&d t 
As "a" becomes 

larger,  the la t i tude  dependence becomes more nearly sinusoidal. 

a 2 2.5 the deviation from a sinusoid i s  l e s s  than 10% and f o r  a =?. 

In  fact , for  

4.0 the 

deviation i s  l e s s  than 1%. 

The function I plotted i n  Figure (4) i s  proportional t o  H 
r r' the  radial 

(ver t ica l )  component of magnetic f i e l d  a t  the surface of the ear th  due t o  trapped 

par t ic les .  

colatitude,which points t o  the importance of the  P 

extent t o  which H deviates from a purely cos 8 dependence closely pa ra l l e l s  

the  transverse case f o r  a 2 2.5. 

The radial (vertical)  component i n  general decreases with increasing 

(cos 8) = cos 8 term.' The 
1 

r 

For "atf suff ic ient ly  large ( L e . ,  a 5 2.5) we have H_ oc cos 8 and 
2 2 Yl. 

I 

H s i n  8j i n  other words,H = (Hr + H t )  = constant on the surface of the t 
earth. Now i f  the field inside the  ear th  due t o  trapped par t ic les  is  uniform, 

then the f i e l d  on the surface would be uniform. 

equation is unique (up t o  an arbi t rary constant), the  existence of a uniform 

Since the solution of Laplace's 
- .  

f i e l d  on the surface of the earth implies a uniform f ie ld  throughout the ear th  



due t o  the trapped par t ic les .  

same conclusion for  the f i e l d  due t o  par t ic les  trapped on dipole she l l s  for  

Akasofu, Cain, and Chapman (1961) came t o  the 
4, 

Since the sources can be viewed as se t s  of coaxial Helmholtz coi ls ,  uni- 

formity of the f i e l d  inside the ear th  implies t ha t  the radius of the ear th  i s  

s m a l l  compared t o  the  radius of the  equivalent H&Lnholtz co i l s  which make the 

greatest  contribution t o  the field. That t h i s  i s , i n  fac t , the  case shows up 

cle'arly i n  the expressions for  the magnetic f i e l d  components which are propor- 

indicating t h a t  pa r t i c l e  motion near t i ona l  t o  s i n  8' for  a given value of "a" 

the equatorial  plane i s  the principal source of magnetic f i e ld .  

9 

The magnetic f i e l d  throughout the  ear th  due t o  geomagnetically trapped 

pa r t i c l e s  can be calculated from measured values of the pa r t i c l e  energy density 

and pi tch angle distributions.  A zonal harmonic analysis of the magnetic f i e l d  

a t  the surface of the earth i n  conjunction with the calculated trapped pa r t i c l e  

f i e l d  gives .information about other external sources such as ionospheric currents 

and high la t i tude  phenomena as well as information about induced currents inside 

the earth. 

The zonal harmonic analysis, which i n  practice i s  d i f f i c u l t  t o  carry 

through, has been done for  magnetic storm data  (Slaucitajs and McNish, 19361, 

though only t o  a rough approximation. Furthermore, information about the dis-  

posit ion of the trapped particles is  rather limited, especially for l o w  energy 

par t ic les  (i. e., a few kev or less) .  Rocket measurements i n  the auroral  zone 

indicate the presence of large fluxes of 5 kev electrons (McIlwain, 1960) and 

it i s  not unreasonable t o  suppose t h a t  such low energy pa r t i c l e s  make up a large 

par t  of the trapped par t ic le  flux. So far,measurements i n  the  equatorial  region 

of the geomagnetic f i e l d  have been confined t o  electrons with energies greater 

t h a n  20 kev (O'Brien, Van Allen, laughlin, and Frank, 1962). Thus the analysis 
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suggested is  impractical at present. 

the converse,i.e., estimate the pa r t i c l e  energy density i n  the trapping region 

on the basis of magnetic storm data. 

However, what we can do is  essent ia l ly  

W e  shall first t r y  t o  establish where i n  the ear th ' s  f i e l d  the maximum 

concentration of par t ic les  occurs during magnetic storms. A lower l i m i t  of 

a = 1.2 (1200 km above the surface of the ear th)  i s  eas i ly  established since 

below t h i s  a l t i t ude  par t ic le  density increases very rapidly (Johnson, l96O), 

and s ignif icant  concentrations of charged pa r t i c l e s  have been observed only 

down t o  about lOOOkm (Van Allen, Ludwig, Ray and McIlwain, 1958). An upper 

l i m i t  of a 5 4 can be inferred from cosmic ray cutoff experiments (Kellogg 

and Winckler, 1961). 

l imi t  i s  the presence of harmonics higher than the  f i r s t  i n  magnetic storm data  

Another l ine of evidence t o  ju s t i fy  a s t i l l  lower upper 
-. 

obtained i n  low and middle la t i tudes (Slaucitajs and McNish, 1 -96) ,  (Chapman 
I 
1 

and Bartels, 1940). 

transverse components respectively dominate always, although,as Chapman and 

The P1 (cos e) and P (cos 0) terms i n  the r ad ia l  and 

Bar t e l spo in t  out, the higher harmonics disappear fo r  a l l  prac t ica l  purposes 

a f t e r  the first 10 hours o r ' s o  of the storm. In Figures (4) and (5) we see t h a t  

the higher harmonics are always re la t ive ly  small and are only important when 

a 4 2.5. 

majority of the trapped par t ic le  energy must reside on dipole she l l s  f o r  which 

Thus i f  they a re  t o  show up a t  a l l  i n  the magnetic records, the 

1.2 I a L 2.5. The t o t a l  external contribution t o  the magnetic f i e l d  at the 

surface of the earth- storm t i m e  par t ic les  i s  shown i n  Figure (7) (after 

Slauci ta js  and McNish, 1936). A t  low la t i tudes  the horizontal component i s  

seen t o  be essent ia l ly  constant,and it is at  low la t i tudes  t h a t  w e  should expect 

the trapped par t ic les  t o  play the dominant ro le  i n  establishing the storm time 

f ie ld .  In Figure (5) we see t h a t  It H i s  essent ia l ly  constant only when 

1.7 5 a 5 %  2.0. 

t 
- 

Thus it would appear that the  majority of geomagnetically trapped 



par t i c l e s  which produced the magnetic storm f i e l d  are trapped on dipole 

she l l s  f o r  which 1 . 3  

a a 1.7. 

a 4 2.5 with a m a x i m u m  on the  dipole s h e l l  with 

To obtain an order of magnitude estimate of t he  p a r t i c l e  energy 

density we assume t h a t  the equatorial  pa r t i c l e  energy density is  uniform on 

the  in t e rva l  1 .6  C a 6 2 . 3  and the  p i tch  angle d is t r ibu t ion  is  modified 

isotropic.  A t yp ica l  value of t he  horizontal  component of t h e  magnetic 
I 
2 disturbance at the  equator is 10’ gauss. Since fl = H B / y  1 Iti, we have 

t o  6 Z - fl = 2 x 10- ergs/cm’. (The ea r th ’ s  magnetic f i e l d  energy density a t  

a = 2 i s  2 x 10- 4 ergs/cm 3 . )  If we assume a l l  t he  pa r t i c l e s  are 5 kev 

electrons, the flux density i s  6 x 10 11 electrons/cm 2 sec. Since observa- 

t i o n a l  r e su l t s  are s t i l l  somewhat unsett led,  any conclusions that might be 

drawn f om mparison w i t h  our r e su l t s  would be of questionable value. 

27#0r I summary our principle results are the  following. (1) Par t ic le  

motion around the  equatorial plane i n  the  trapping region is  the pr incipal  

source of magnetic f i e l d  due t o  trapped par t ic les .  

throughout t he  ear th  due t o  pa r t i c l e s  trapped on dipole she l l s  f o r  which 

a > 2.5 is essent ia l ly  uniform. It seems l i k e l y  that t h e  majority of 

par t ic les  responsible f o r  magnetic storms are trapped on dipole she l l s  f o r  

which 1 . 3  6 a 6 2.5 with a maximum concentration of pa r t i c l e s  around the 

dipole s h e l l  with a cs 1.7. 

(2) The magnetic f ie ld  

( 3 )  



IV. APPENDIX A 

Numerical Integration of Magnetic Field Components 

The integrals  which represent the magnetic f ie ld  components, i n  general, 

must be evaluated on an automatic d i g i t a l  computer. 

(42), (43), (56),  and (57) i n  a more t ractable  form fo r  machine calculation. 

In  Appendix A w e  rewrite 

F i r s t , i n  the case of the d r i f t  current integrals,  Equations (42) and (43), 

i s  an even f'unction of 6'. 
1 

(cos e ' )  i n  b 
n n 

we observe that the coefficient of P 

Thus b is  an odd function of 0' fo r  even n and an even function for  odd n. 

Because the limits of integration of the inner in tegra l  a r e  symmetric about 

8' = n/2, only the terms with n odd contribute t o  the integral ,  a resu l t  that  

should be anticipated from the symmetry of the sources about the  equatorial  

plane. 

that  it is  necessary t o  integrate only on the in te rva l  ( 

doubling the r e su l t  gives the value of the desired integral .  

n 

A fur ther  consequence of the odd-even propert-ies of the  integrand is  

(a), x/2), whence 

Le t  

Then the components of the disturbance f i e l d  due t o  the d r i f t  motion of the 

trapped par t ic les  a re  

and 

26. 



where 

and 

To evaluate the  gyration integrals, Equations ( 5 6 )  and (g ) ,  we must first 

subdivide the trapping region. 

of the r' integration i n  region R a re  a s i n  8' L r '  f a2 s i n  8')whereas 

i n  R and R 

Referring t o  Figure (6) we see that the limits 
2 2 

2 1 
2 L r' f a2 sin 8'. The ranges of 8' i n  the regions R 

3' r a t m  1' 1 
and R a re  rerspectively 

R2.' 3 
p ( q  f 8' f ̂l@J 

If we measure distances i n  units of ear th  rad i i ,  interchange integration and 

summation, and resor t  t o  arguments similar t o  those used t o  evaluate the d r i f t  

and 
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where 

and 

The i t e r a t ed  integrals  a re  evaluated by a twofold application of Simpson's 

rule. Each i te ra t ion  i s  done with k subdivisions of the in te rva l  and then 

with 2k subdivisions of the in te rva l  and the r e su l t s  compared. 

i s  repeated u n t i l  successive estimates of the double in tegra l  agree t o  

within one percent. 

This process 



V. AF'PEXDIXB 

Solution of Poisson's Equation i n  Source Free Space 

I n  Appendix B we suspend the convention of using primes t o  r e f e r  t o  source 

points and use primes instead t o  denote d i f fe ren t ia t ion  with respect t o  r. 

wri t ing the  p o t e n t i a l f i  and v *  M i n  terms of Legendre polynomials, the  

problem of solving Poisson's equation 

By 

- 

i n  a source f ree  region of space i s  reduced t o  the  problem of solving an ordinary 

second order d i f f e r e n t i a l  equation. 

dea l t  with i n  two pa r t s  by construction a sphere centered a t  the or ig in  with a 

radius r = ratm. -For  the  present we are in te res ted  only i n  the solut ion inside 

the  sphere. .Let 

The complete solution of (Bl) is  conveniently 

and 

Inser t ing these expressions i n  (Bl) and equating coeff ic ients  of P (cos 0 )  gives n 

h " + $  h i  - * ( m + j )  h,= 4n 9- 034) 
AX 

n 
A par t icu lar  i n t eg ra l  of the reduced equation i s  r n . 
subs t i tu te  t h i s  i n  (B4). 

Now l e t  h = r a ( r )  and 
n 

result  is  

or 



Thus the  first in t eg ra l  is  

A quadrature gives 

On interchanging the order of integrat ion and integrat ing once we have 

W 
and so  

+- =I  Y'+ c1. A- 
I&+/ 

As long as r 4 r , the  integrals  include a l l  of t he  magnetic sources and a r e  a t m  
therefore constants. Now t o  satisfy the  condition that the poten t ia l  be bounded 

near the  origin, we choose c so t ha t  the  first and t h i r d  terms cancel. Further- 1 
more,if we define the poten t ia l  a t  the or igin t o  be zero, then c = 0 and 
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Table la, I = H B /TU+ fo r  10' steps of colati tude 8. H 

is the  radial  component of magnetic f i e l d  at  the 
surface of the ear th  due t o  pa r t i c l e s  trapped on 
f i e l d  l ines  whose equatorial  r a d i i  a r e  between a 
and a + 0.1 (measured i n  ear th  r a d i i )  f o r  the  range 
1.3 a 4.0. The equatorial  pa r t i c l e  energy 
density i s  uniform and the  pi tch angle dis t r ibut ion 
i s  modified isotropic.  See the t e x t  fo r  definitions 
of BO) yI and @. 

r r o  - r 

The en t r ies  a E b are read as 

a x 10 b , e.g., 4.483 01 = -1.48 x 10 1 . 
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Table lb. I = H B /yU* for 10' steps of colatitude 8. 

Kt is the transverse c6mponent of magnetic field 
at the surface of the earth due to particles 
trapped on field lines whose equatorial radii 
are between a and a + 0.1 (measured in earth 
radii) for the range 1.3 a 4.0. The 
equatorial particle-energy density is uniform 
and the pitch angle distribution is modified 

- isotropic, 
y ,  and @. 

t t o  - 

See the text for definitions of B., 
The entries a E b are read as 

a x 10 b -  , e.g., -1.48E01 = -1.48 x 10 1 . 
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VII. FIGURES 
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Figure 1. Geometry of the idealiced magnetic f i e l d  of the ear th  and 
the  he l ica l  trajectory of a trapped par t ic le .  
geomagnetic north pole  points i n  the negative z direction. 

The 



,z 

Figure 2. An element of r ing current of density j(a, 9') 
moving westward around the  earth. 
magnetic north pole points i n  the negative z 
direction. 

The geo- 
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1.0 - 

Figure 3. Cosine of the equatorial pi tch angle of par t ic les  which mirror 
at  the top of the atmosphere (1200 la) as a f’unction of the 
equatorial  radius of the dipole s h e l l  on which the par t ic les  
reside. 



. 

Figure 4. I I = H B /yU* as a function of colati tude 8 where Hr 
r r o  

is  the r ad ia l  component of the magnetic f i e l d  a t  the surface 
of the ear th  due t o  par t ic les  trapped on f i e l d  l ines  whose 
equatorial  radii (measured i n  ear th  radii)  a re  between a 
and a + 0.1. 

0.2. The equatorial pa r t i c l e  energy density is  uniform 
and the pi tch angle dist r ibut ion i s  modified isotropic.  
Bo, y ,  and V a re  defined i n  the text.  

1, i s  plot ted fo r  1.3- a 4 2.5 i n  s teps  of 
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a 

Figure 4. 



= B / y W  as a function of colatitude 8 where H 
the transverse component of magnetic field at the surface 
of the earth due to particles trapped on field lines 
whose equatorial radii (measure in earth radii) are 
between a and a + 0.1. It is plotted for 1.3  L a 4 2.5 
in steps of 0.2. 
is uniform and the pitch angle distribution is modified 
isotropic. 

is 
It 0 t 

Figure 5. 

The equatorial particle energy density 

Bo, y ,  and U* are defined in the text. 
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Figure 6. Subdivision of the trapping region for 
integration purposes. 
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F i g a e  7. Total external contribxLlon t o  the average differences i n  
magnetic intensi ty  fo r  disturbed minus quiet  days, 1927 
(after Slaucitajs and McNish, 1936). 
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